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Abstract. We show that formal isomorphism of intransitive linear Lie equations along 
transversal to the orbits can be extended to neighborhoods of these transversal. In analytic 
cases, the word formal is dropped from theorems. Also, we associate an intransitive Lie 
algebra with each intransitive linear Lie equation, and from the intransitive Lie algebra we 
recover the linear Lie equation, unless of formal isomorphism. The intransitive Lie algebra 
gives the structure functions introduced by E. Cartan. 
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1 Introduction 



It is known [7j that the isomorphism of the fibers of transitive linear Lie equations at two 
points is sufficient to obtain the formal isomorphism of the Lie equations. This is proved by 
constructing a system of partial differential equations (SPDE) whose solutions would be these 
isomorphisms. This SPDE may be not integrable [2J[TT], although it is formally integrable. If 
the data are analytic, the SPDE is integrable. 

In this paper we consider principally the extension of this theorem to intransitive linear Lie 
equations. Intransitive linear Lie equations generate a family of orbits on the manifold that we 
suppose locally to be a foliation. Given two intransitive Lie equations, consider the restriction 
of both Lie equations along two transversal to the orbits. If these restrictions are isomorphic 
in a certain sense, then we can construct a formally integrable SPDE whose solutions (if they 
exist) are isomorphisms of the two Lie equations. Therefore we prove, at least in the analytic 
case, that formal isomorphism of two linear Lie equations along transversal to the orbits can be 
extended locally to local isomorphism of the two linear Lie equations in a neighborhood of the 
two transversal. 

Specifically, consider M and M' manifolds of the same dimension, V and V' integrable 
distributions of the same dimension on M and M' , respectively, N and N' sub manifolds of M 
and M' such that each integral leaf of V and V' through points x € M and x' 6 M' intersect N 
and N' (at least locally) at unique points px and p'x' , respectively. Let be <fi : N — > N' a local 
diffeomorphism, a £ N, a' £ N', <j){a) = a', Q k ^ the manifold of fe-jets of local diffeomorphisms 
/ : M — ► M' such that 4>p{x) = p'f(x), and the sheaf of germs of invertible local sections 
of Qh. Furthermore, let be R k C J k V, R' k C J k V intransitive linear Lie equations such that 
R° = J°V, R'° = J°V. We say that R k at point a is formally isomorphic to R' k at a point a' if 
we can construct a formally integrable SPDE S k C such that any solution / of S k satisfies 
(j k+1 f)*(R k ) = R' k ( see Definition I5.3j) . We prove in Proposition 15.31 that this condition is 

*This paper is a contribution to the Special Issue "Elie Cartan and Differential Geometry". The full collection 
is available at |http:/ /www.emis.de/journals/SIGMA/Cartan.html| 
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equivalent to the existence of F £ Q k+1 such that (3F(a) = a' and F*(TM © R k ) = TM 1 © R' k . 
Then we prove: 

Theorem [57TT Let be $ : N -> stic/i £/ia£ /3$ = <j) and 

<5>*(TN ® R k \ N ) = TN'®R' k \ N ,. 

Then given a diffeomorphism f : M — > M' smc/i that f*V = V and /\n = <p there exists 
F G Q^+i satisfying F\ N = j3F = f and 

(TM © R k ) = TM' © i?' fc . 

This theorem for transitive linear Lie equations is in [7J. 

The next step is to define an intransitive Lie algebra representing TN © R k \N- Transitive Lie 
algebras were defined in [10] as the algebraic object necessary to study transitive infinitesimal 
Lie pseudogroups. This program was pursued in the papers [6] El HU HU El [20], [2l] 
disclosing the fitness of transitive Lie algebras to study transitive linear Lie equations. 

At the same time, several tries were made to include intransitive linear Lie equations in 
this theory [12] [13] [18] [19]. Basically, they associated a family of transitive Lie algebras on 
a transversal to the orbits with an intransitive infinitesimal Lie pseudogroup, each transitive Lie 
algebra corresponding to the transitive infinitesimal Lie pseudogroup obtained by restriction to 
each orbit of the infinitesimal intransitive Lie pseudogroup. Another approach was to study the 
Lie algebra of infinite jets at one point of the infinitesimal intransitive Lie pseudogroup; this 
algebra is bigraded, and this bigraduation may give the power series of the structure functions 
introduced in [Tj. In the first approach, it may happen to be impossible to relate transitive Lie 
algebras along the transversal and give a continuous structure to this family, as the following 
example in [27] shows: let be O the infinitesimal intransitive Lie pseudogroup acting in the 
plane R 2 given by 

( d 00 d0 

= < 0(x,y) — such that — = a(x)— — with a^O, a(0) = 
[ ay ay ox 

Two of these infinitesimal intransitive Lie pseudogroups given by functions a(x) and a(x) are iso- 
morphic if and only if there exists a C°°-function b(x), with 6(0) 7^ such that a{x) = b(x)a(x). 
The restriction of O to the orbits {(xo,y) : y S K}, with a(xo) 7^ is the infinitesimal Lie pseu- 
dogroup of differentiable vector fields on R, and the restriction to the orbit where a(xo) = 
are the infinitesimal translations on R. This example shows that, even if the intransitive linear 
Lie equation associated to © has all properties of regularity, by choosing an appropriate func- 
tion a(x), we obtain a highly discontinuous family of transitive Lie algebras along the transversal. 
If a{x) and a(x) have the same power expansion series around 0, the bigraded Lie algebras of 
infinite jets of vector fields of and at point (0, 0) are the same. So, the bigraded Lie algebras 
cannot distinguish between non isomorphic intransitive Lie pseudogroups. However, E. Cartan 
associated "structure functions" constant along the orbits with infinitesimal Lie pseudogroups. 
Therefore any definition of intransitive Lie algebras must contain a way of getting the germs of 
"structure functions" at the point considered. 

A way to define such algebra is the following: let be On, a the ring of germs of real functions 
defined on N at the point a, L m the 0jv ia -module of germs of sections of -R m |7v at point a, 
and TN a the O^a-module of germs of sections of TN at point a. The vector bundles R m , with 
m > k, are the prolongations of R k , which we suppose formally integrable. There is a R-bilinear 
map 



(TN a © L m ) x (TN a © L m ) — » (TN a © L 



m—l. 
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given by: the bracket of germs of vector fields in TN a ; the germ of i(v)D£ for v £ TN a , £ £ L m 
and D the linear Spencer operator; and the 0/v iO -bilinear map defined on holonomic sections by 
lj k 0,3 k vh = 3 Let be L = limproj m L m , C = TN a ffiLand[,] co = limproj m [ , \ m . 

Then (£, [ , ] ) is the O 'jv ^-intransitive WL-Lie algebra associated with the formally integrablc 
linear Lie equation at the point a. From (£, [ , J^) we can obtain the germ of R |jy at point 
a, and, by applying the Theorem of [25] and Theorem 15. II of this paper, we get the germ of the 
linear Lie equation R k at the point a, up to a formal isomorphism (cf. Theorems 16.11 and 16.21 
below) . 

We summarize the content of this paper. Section [2] presents basic facts on groupoids and 
algebroids of jets, the calculus on the diagonal introduced in [161 CL7]> an d the construction of 
the first linear and non-linear Spencer complexes. We tried to be as complete as possible, and 
the presentation emphasizes the geometric relationship between the first linear and non-linear 
Spencer operators, and the left and right actions of a groupoid on itself. We hope this section 
will facilitate the reading of this paper, since several formulas given here are sometimes not 
easily identified in [Ml HTJ El El [7], due to the simultaneous use of the first, second and the 
sophisticated non-linear Spencer complex, and the identifications needed to introduce them. 

Section [3] contains the construction of partial connections on J k V . These partial connections 
are fundamental for Section [5j Section [J] introduces the basic facts on linear Lie equations and 
the associated groupoids. Section [5] presents the definition of formal isomorphism of linear Lie 
equations, and the proof of Theorem 15.11 Section [6] introduces the definition of intransitive 
Lie algebras, and the notion of isomorphism of these algebras. The last section discuss the 
classification of intransitive linear Lie equations of order one in the plane, with symbol g 1 of 
dimension one. This classification contains the examples introduced above. 

2 Preliminaries 

In this section, we present some background material. The main references for this section 
are [161 \T7\ 114] . and we will try to maintain the exposition as self-contained as possible, prin- 
cipally introducing geometrical proofs for actions of invertible sections of Q k+1 M on sections 
of T J k TM. 

2.1 Groupoids and algebroids of jets 

Let be M a manifold and Q k M = Q k the manifold of A; -jets of local diffeomorphisms of M. This 
manifold has a natural structure of Lie groupoid given by composition of jets 

3%)9-3xf =3x(9f), 
and inversion 

Oxf) = 3f( x )f \ 

where / : U — > V, g : V — > W are local diffeomorphisms of M, and x £ U. The groupoid Q k 
has a natural submanifold of identities / = j k id, where id is the identity function of M. Then 
we have a natural identification of M with /, given by x \— ► I(x). Therefore we can think of M 
as a submanifold of Q k . There are two submersions a, f3 : Q k — > M, the canonical projections 
source, a(j k f) = x, and target, (3(j k f) = f(x). We also consider a and j3 with values in /, by 
the above identification of M with /. 

There are natural projections irf = 717 : Q k — > Q l , for k > I > 0, defined by ^i(j k f) = j l x f- 
Observe that Q° = M x M and 7Tq = (a, (3). The projections %f commute with the operations 
of composition and inversion in Q k . 
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We denote by Q k (x) the a-fiber of Q k on x G M, or Q k (x) = a^ 1 (x); by Q k (-,y) the /3-fiber 
of Q fc on y G M, in another way, Q k (-,y) = (3~ l (y) and Q k (x,y) = Q k (x) n Q k (-,y). The set 
Q k (x,x) is a group, the so-called isotropy group of Q fc at point x. If E7, V are open sets of M, 
Q k (U) = U xeU Q k (x), Q k (-, V) = U yeV Q k (-, y), and Q k (U, V) = Q k (U) n Q fc (-, V). 

A (differentiable) section F of Q k defined on an open set U of M is a differentiable map 
F :U -^Q k such that a(F(x)) = x. If (3(F(U)) = V and / = (3F : U ->■ V is a diffeomorphism, 
we say that the section F is invertible. We write fJ = a(F) and V = (3(F). An invertible 
section F of Q fc is said holonomic if there exists a diffeomorphism / : a(F) — ► (3(F) such that 
F = j k f. In this case, /3F = f. 

We denote by Q k the set of invertible sections of Q k . Naturally Q k has a structure of groupoid. 
If F,H G Q k with /3(F) = a(tf), then HF(x) = H(f{x))F{x) and F~ 1 (y) = F(f~ l (y))" 1 , 

y g (3(F). 

Similarly, we can introduce the groupoid of Z-jets of invertible sections of Q k , and we denote 
this groupoid by Q l Q k . We have the inclusions 

\ l : Q k+l -> Q l Q k , 

j k x +l F^j l x j k F (2.1) 

An invertible section F, with a(F) = U, (3(F) = V, defines a diffeomorphism 

F: Q\.,U)^Q k (-,V), 
X ^ F((3(X))X. 

The differential F* : TQ k (-,U) -► TQ k (-, V) depends, for each A G Q fc (-,Z7), only on jJ (x) F. 
This defines an action 

w -> ■ « = (2-2) 

Then ([22]) defines a left action of Q 1 Q fe on TQ fc 
x TQ fe -> TQ fc , 

(j* (x) F, t; G T x Q fc ) ^ jJ (x) F • t; G T F(/3(x))x Q fc . (2.3) 

If Vg = ker/3* C TQ k denotes the subvector bundle of (3* vertical vectors, then the action (12. 2|) 
depends only on F((3(X)): 

Q k x V k - Vj, 

(F(P(X)),v G (Vj)x) ~ F(/3(A)) • „ G (V k ) F{p{x))x . (2.4) 

In a similar way, F defines a right action which is a diffeomorphism 

F : Q k (V)^Q k (U), 

X^XF(f~ 1 (a(X))). (2.5) 

The differential F* of F induces the right action 

TQ k x Q 1 Q k -> TQ fe , 

(v G T Y Q fe , ~ i, • j}- Haix)) F = m x (v). (2.6) 
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As (3{YX) = P(Y), it follows that 
0*{ v ■ jf-Ha(X)) F ) = 

where (3* : TQ k -s- TM is the differential of (3 : Q k -> M. We verify from (f23j) that the 
function F restricted to the a-fiber Q k (y) depends only on the value of F in f~ 1 (y). If V k = 
kera*, then the right action (|2.6p depends only on the value of F at each point, and the 
action (|2.6p by restriction gives the action 

(v e (V k ) x , Y G Q k (-, a(X))) »v-Y€ (V k ) XY . (2.7) 

A vector field £ on Q k with values in V k is said right invariant if £(XY) = £(X) ■ Y. The 
vector field £ is determined by its restriction £ to /. 

Let be T = TM the tangent bundle of M, and T the sheaf of germs of local sections of T. We 
denote by J k T the vector bundle of fe-jets of local sections of it : T — > M. Then J fc T is a vector 
bundle on M, and we also denote by vr : J k T -> M the map vr(j'^6>) = x. If : U C M -> TM 
is a local section, and ft is the 1-parameter group of local diffeomorphisms of M such that 
4tft\t=o = 8, then we get, for x€U, 

d -k f \ _ -ka 
-jj;J x Jt\t=0 - J X V- 

This means we have a natural identification 



k | jkr^ 



V^l/ = J K T 



Therefore, as TQ fc | 7 = TI V£|i, 

TQ fc |/ = T © J k T, (2.8) 
and if we denote by 
J k T = T © J k T, 

we have TQ k \j = J k T. Observe that J k T is a vector bundle on M. The restriction of /?* : 
TQ fe -» T to TQ fc | 7 , and the isomorphism TQ fc |/ ^ J fc T defines the map 

f3* : J k T -» T, 

u + i*0€ (J fc T) x ^t> + 0(x), (2.9) 

which we denote again by /?*. For more details on this identification and the map see the 
Appendix of |14j . in particular pages 260 and 274. 
If £ is a section of J k T on U C M, let be 

ax) = mx)) ■ X 

the right invariant vector field on Q k (-, U). Then £ has Ft, — e < t < e, as the 1-parameter group 
of diffeomorphisms induced by invertible sections Ft of Q k such that 

d - - 

Therefore, Fq = I and 

j t F t (x)\ t=0 =^x). 
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Definition 2.1. The vector bundle J k T = V k \i on M is the (differentiable) algebroid associated 
with the groupoid Q k . 

The Lie bracket [ , ) k on local sections of J k T is well defined, given by 

[Z>v] k =[S,v] I/, (2-io) 

where £, r\ are sections of 7r fc : J k T — > M defined on an open set U oi M (or /). 
Proposition 2.1. // / is a real function on U, and £, 77 sections of J k T on U, then 

lfZ,v]k = f[t>v] k -(M(f)Z- 

Proof. As 7C = (//?)£, it follows 

= 1/ = -^)e) 1/ = - (M(/)£- ■ 

If J k T denotes the sheaf of germs of local sections of J k T, then J k T is a Lie algebra sheaf, 
with the Lie bracket [ , ] k . 

Proposition 2.2. The bracket [ , ] k on J k T is determined by: 

(*) [j k t,3 k v} k = j k [C,il], i,r]^T, 
(«*) = /[&> 7 ?fe]fe + {Mk){f)Vk, 

where £,k,Vk £ J fe T and f is a real function on M. 

We denote by the same symbols as above the projections 7r, fe = tti : J k T — > j'T, Z > 0, defined 
by ^lUx^) = 3x®- ^ * s a point or a section of J k T, let be ^ = 7r^(^). The vector bundle 
J°T is isomorphic to T by the map /3* : J°T — > T, where 0*(j®Q) = 9(x), see ()2.9p . However, 
/3* : J k T —> T is not equal to ttq : J k T —>■ J°T, but they are isomorphic maps. 

Again, we have the canonical inclusions, and we use the same notation as (12. lj) . 

for 8 £ T. 

Analogously to the definition of holonomic sections of a section of J fe T is holonomic 
if there exists (gT such that = j k £. Therefore, if is holonomic, we have £ k = 

If 6> : Z7 C M -> J k T is a section, let be £ = j\B G 4 J fc T, x & U. Then £ can be identified 
to the linear application 

£ ■ T x — > T e ^J k T, 

If r/ € J x J k T is given by 77 = j^/j, with = then (7r)*(ry — £)t> = 0, and we remember 

that 7T : J fc T -» M is defined by vr(j^) = x. So r, - £ e T* ® V^y^T, where V J k T = kervr*. 
However J T is a vector bundle, then V n ^J k T J^T, sojj-^T;® J k T. The sequence 

-f T* ® J fc T -» J l J k T J fe T -> (2.11) 
obtained in this way is exact, and we get an affine structure on J 1 J k T. 
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The linear operator D defined by 

D : J k T -» T* <g> J^T, 

Sk»DS k =j 1 Z k _ 1 -\ 1 (t k ), (2.12) 

is the linear Spencer operator. We remember that Ck-i = Tv k _^ k and 

A 1 : J k T -» J x J k - l T, 

The difference in (I2TT2D is done in J l J k ~ l T and is in T* ® J fc - 1 T, by (I2TTTT) . 

The operator D is null on a section if and only if it is holonomic, i.e., D£ k = if and only 
if there exists 9 € T such that £ k = j k 6. 

Proposition 2.3. T/ie operator D is characterized by 

(i) Dj* = 0, 

(ii) D{fi k )=df®^ k _ 1 + fDi k , 

with £ k € J fe T, = ft k -i£, k and f is a real function on M . 

For a proof, see |14j . 

The operator D extends to 

D : A l T* <g> J k T -» A /+1 T* ® J^T, 

w g, £ fe £>( w g, £ fe ) = duo ® Cfe-i + (-l)'w A 

2.2 The calculus on the diagonal 

Next, following [16|, [T71 114j . we will relate J k T to vector fields along the diagonal of M x M 
and actions of sections in Q k to diffeomorphisms ofMxM which leave the diagonal invariant. 

We denote the diagonal of M x M by A = {(x, sc) € M x M|s G M}, and by pi : MxM -> M 
and p2 : M x M — ► M, the first and second projections, respectively. The restrictions pi|a 
and /02|a are diffeomorphisms of A on M. A sheaf on M will be identified to its inverse image 
by Pi | A- For example, if Om denotes the sheaf of germs of real functions on M, then we will 
write Om on A instead of (pi\a)~ 1 Om. Therefore, a / G Om will be considered in Oa or 
in OmxM through the map / i— ► / o p 1 . 

We denote by T(M x M) the sheaf of germs of local sections of T(M x M) -> M x M; by K 
the subsheaf in Lie algebras of T{M x M), whose elements are vector fields pi-projectables; 
by Hn the subsheaf in Lie algebras of 1Z that projects on by p2, i.e. Tin = (p2)* 1 (0) H 1Z; and 
by Vfo the subsheaf in Lie algebras defined by V-r, = (pi)^T 1 (0) n 1Z. Clearly, 

TL = H n ® V n , 

and 
Then 

(pi)* : Hn^T 

is an isomorphism, so we identify 7"^ naturally with T by this isomorphism, and utilize both 
notations indistinctly. 
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Proposition 2.4. The Lie bracket in 1Z satisfies: 

[v + £, f{w + rj)] = v(f)(w + 77) + f[v + £,w + 77], 
mf/i / € Om, v,w G 7^7?., £,77 € Vft. In particular, the Lie bracket in Vn is OM-bilinear. 
Proof. Let be / G C M , ^, 97 G V n - Then 

b + £> (/ Pi)( w + 7 ?)1 = (v + £)(/ PlX™ + ? ?) + (/ + C,w + r]}. 

As /opi is constant on the submanifolds {x}xM and £ is tangent to them, we obtain £(/opi) = 0, 
and the proposition is proved. ■ 

A vector field in V-r. is given by a family of sections of T parameterized by an open set of M. 
Therefore there exists a surjective morphism 

T fc : K^T® J k T, 
where v € Tin-, £ 6 Vr., and 

ik{x) = j( X)X )(£,\{x}xM)- 

The kernel of morphism Tfc is the subsheaf V-ji k+1 of Viz constituted by vector fields that are 
null on A at order k. Therefore lZ/Vn k+1 is null outside A. It will be considered as a sheaf 
on A, and the sections in the quotient as sections on open sets of M. So the sheaf lZ/Vn k+1 is 
isomorphic to the sheaf os germs of sections of the vector bundle T © J k T on M. So we have 
the isomorphism of sheaves on M, 

Tl/V n k+1 = T@ J k T. 

We usually denote by J k T = T@ J k T and J k T = T © J k T . 
As 

the bracket on 7Z induces a bilinear antisymmetric map, which we call the first bracket of order k, 
[ , J k = (J © J k T) x (Tffi J k T) -» (T © J^T) (2.13) 

defined by 

[w + iu + i7fc] fc = T fc _i([t> + £,u; + 77]), 

where T fc (£) = £ fc and T fe (ry) = r/ fc . 

It follows from Proposition 12.41 that [ , J k satisfies: 

[v + 6, f(w + %)I fe = + m-i) + /[u + &, w + (2-14) 

+ [[z + 7J + £ fc J fe , W + Vk-lJk-! = 0, 

for v,w,z € T, ^, ^fc € J fc T, / G Ojy/- In particular, the first bracket is OM-bilinear on J k T . 
Also, 

IJ°T,J°T] = 0. 

The following proposition relates [ , ]. to the bracket in T and the linear Spencer operator D 
in J k T. 
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Proposition 2.5. Let be v,w,9,fi G T, £,k,Vk G J k T and f G Om- Then: 
(i) {v,w} k = [v,w], where the bracket at right is the bracket in T; 

(Hi) \j k 9, j k p\ k = j k ~ 1 [9,fi], where the bracket at right is the bracket in T . 

Proof, (i) This follows from the identification of T with Ti-ji- 

(ii) First of all, if 9 G T, let be 6 £ Viz defined by 9(x,y) = 9{y). Then T fc (9) = j k 9. If 
v G Ht^, then u and G are both pi and ^2 projectables, (pi)*(0) = and (p2)*(v) = 0, so we 
get [v, 0] = 0. Consequently 

[«,j fc e] fc = T fc -i(b,e]) = o. (2.i5) 

Also by (I2.14j) , we have 

K /&]* = «(/)&-! + /[«,&]*■ (2-16) 

As (|2.15p and (|2.16j> determine -D (cf. Proposition 12. 3p . we get (ii). 

(Hi) Given 9,/j, G T, we define Q,H £ V-r. as in (ii), 0(x,y) = 9(y) and H(x,y) = p(y). 
Therefore 

l/^iVL = [T fc e,T fcJ ff] fc = T k ^([e,H])=j k - 1 [9, v }. u 

Let be Vn the subsheaf in Lie algebras of 1Z such that £ G if and only if £ is tangent to 
the diagonal A. If £ = £# + £ G Viz, G 7Y, £ G V, then 

(Pi)*(6/(z>z)) = (p2)*(£(z,a:)), 

where pi, p2 '■ M x M — > A. Consequently, if = Tfc(£), then = where we 

remember that /?* : J fc T — ► T is defined in (|2.9p . We can also write = (/32)*(£fc)> since that 
(/02)*V-^. fe+1 |A = 0. From now on, £h denotes the horizontal component of £ G V-r, so £ = + 
with £ H G H and £ G V. 

We denote by J k T the subsheaf of T © J k T = J k T, whose elements are 

£fc = €h + 6c> 

where = /?*(£&) or = (p2)*(£fc)- Therefore J fc T identifies with V&/Vft fc+1 , since that 
V n k+1 C%As 

[V K ,V/ +1 ]CV/ +1 , (2.17) 

since the vector fields in Vn are tangents to A, it follows that the bracket in V-jz defines a bilinear 
antisymmetric map, called the second bracket, by 

[ ,] k . J k fx J k f -> J k f, 

^H + ^k,VH + Vk)^Tk{[lfj]), (2.18) 

where T^(£) = + an d ^ k (v) = Vh + Vk- Unlike the first bracket (|2.13p . we do not lose 
one order doing the bracket in J k T . The second bracket [ , ] fe is a Lie bracket on J k l~ . The 
Proposition 12.61 below relates it to the bracket [ , ] k , defined in f|2. 10|) . 
The projection 

v. Hn®Vn-> V n , 
v + £ i— > £ 
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quotients to 

v k : T@J k T^ J k T, 

and i/fc : J k f J fc T is an isomorphism of vector bundles. 
Proposition 2.6. If £ k ,fjk £ </ fe T, i/ien 

iu/iere £ fc = ffc(lfc), % = v k {r\ k ). 

Proof. We will verify properties {%) and (ii) of Proposition I2.2L If 6>,/i G T, let be G,i7 G Vtj 
as in the proof of Proposition 12.51 Then: 

(») ^([0 + M + j VL) = "fcOW + e, /x + fl])) = T fc (i/([(9, m] + [e, #])) 

(m) ffcdffc, /j/fclfc) = ^(/[Ife^felfe + €ii(f)fjk) = M([6c,%] fc ) + (/5*Cfc)(/)%- ■ 

Corollary 2.1. Ifik,Vk G ^ fe ^, ^en 

"fcdfifcj ^*lfc) = = i(£,H)Dr] k+1 - i(ri H )D£ k+1 + [&+1, %+i]fc+i> 

w/tere = /3*£ fe , t?jj = /3*Vk G T and £ k+1 ,r] k+1 G J fc+1 T projects on f & , rj k , respectively. 
Proof. It follows from Propositions 12.51 and 12.61 ■ 
As a consequence of Proposition 12.61 we obtain that 

v k : J k f^J k T, 

ik ^ & 

is an isomorphism of Lie algebras sheaves, where the bracket in J k T is the second bracket [ , \ k 
as defined in (|2.18p . and the bracket in J k T is the bracket [ , ] k as defined in (|2.10p . 
In a similar way, we obtain from (|2.17p that we can define the third bracket as 

I lfc : jk+l T x J kT -> J kT ' 

(£h + €k+l,v + r] k ) i ^ T fe ([f,u + 77]). 

where £ G V^, v + r] € TZ, 

Proposition 2.7. T/ie i/tird bracket has the following properties: 

(*) = f^H(g)vk - v{f)g£ k + /siffc+i, %l fc ; 

(") life) [%>4]fcl fc _i = Hlfc+i^felfc'^lfe + [%)l4+i,41 fc l fc ; 

w/iere ^fc+i = 6r + 6+1 G J fc+1 T ; 4 G J fc T, ?7 fc+1 = u + ?? fc+ i G J fc+1 T, & = 7r fc (£ fc+1 ) ; 
Vk = 7Tfc(%+l)- 

Proof. The proof follows the same lines as the proof of Proposition 12.61 ■ 
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Let's now verify the relationship between the action of diffeomorphisms of M x M, which 
are pi-projectable and preserve A, on 1Z, and actions (|2.3|) and (|2.6|) of Q 1 Q k on TQ k . Let be a 
a (local) diffeomorphism of M x M that is pi-projectable. Then 

o-(x,y) = (f(x),${x,y)), 

that is, a is defined by / G Diff M, and a function 

4>: Af-^DiffM, 

x i ^ 

such that (j> x (y) = ^(x,y). Particularly, when <r(A) = A, then $(x,x) = f(x), for all x G M, or 

4>x{x) = f{x). 

As a special case, 

(0 / - 1(z) )- l (x) = r 1 (x). 

Let's denote by J the set of (local) diffeomorphisms ofMxM that are /Oi-projectable and 
preserve A. We naturally have the application 

J ^ Q k , 

a ^ a k , (2.19) 

where a k {x) = j k (p x , x G M. If a' G J", with a' = (/', trien 

(a'oa)(x,y) = </ (f (x) , tf> x (v)) = (/'(/(*)). ^(Mv)) = ((/' /)(*)> (<fe 
and from this it follows 

(a' o cr) fc (x) = j*(^ /(a .j o = j k f(x)( j)' f{x yj k (p x = a' k (f(x)).a k (x) = (a' k o a k )(x), 

for each x £ I. So (|2.19p is a surjective morphism of groupoids. If <j> G Diff M, let be <f> G 
given by 

0( x >3/) = {4>{ x )A{y))- 
It is clear that 

(0)fc=j"V 

It follows from definitions of J7" and 7?- that the action 
J xK^K, 

(<T,v + £)»tr*(v + 0, (2.20) 

is well defined. Then V and V are invariants by the action of J . 

Proposition 2.8. Let be a G J, v G 7Y^, £ G V^. W^e /icwe: 

(*) (ct * Ok = AVfc+i.^fc.cr^ 1 ; 
(n) (cr * i) k = /*(£#) + 3 l ek-Z,k-(? k 1 ; 

(m) (cr*«)jt = /*(«) + (jVfc.w.A 1 ^^ - A^fc+i.u.A 1 ^^). 



12 



J.M.M. Veloso 



Proof. If 

<?(x,y) = (f{x),4> x (y)), 

then 

a~ 1 (x,y) = (f-\x),(r 1 ) x (y))> 

where 

(i) Let be 
i = Jt Vt ^ 

where Vt(x, y) = (x, %.(y)), with ry* £ Diff M for each i, and gt(x) = rf x {x). Then 
(a o V t o cr" 1 ) (x, y) = (s, (0/-i( x ) ° ^/-i^) ° (fr 1 (z))" 1 ) (#)) > 

and 

(<r*£)(x, y) = J t {4>f-^x) o v)-i (x) o (^-i^)" 1 ) | t=0 (y). 
Consequently 

T k (a^)(x) = j k x (i(<i>f-i(x) °V t f -i( x ) ° (^/-i^))" 1 )!^) 

^^'(W- 1 )^)^/- 1 ^) °^/- i (x) T '/- i (x) °i*(^/- i (*))~ 1 )lt=o 



i=0 



= ^(i/-i( a; )(^/- i (a ; ))fc-i/-i( ;z: )??/-i( 2; )-((^/- 1 (x)) -1 )fe( a; ))l*=o 

= A 1 (a fe+1 (/- 1 (x))).e fc (r 1 (x)).a- 1 (x), 

since that 

So we proved 

(c * Ok = A 1 ° , Jfc+i-^ft- 'fc ■ 

(u) Let be, as in (i), £ = -£T4|t = o, where T4(x,y) = (x,rj x (y)), with 77* G Diff M for each £, 
and gt{x) = T) x (x). Then 

where Vf(x,y) = (g t (x),rj x (y)). Therefore 

(aoV t o(j~ l ){x,y) = (/oftof'fi), (<P 9t of-i(x) v}-i( x ) (^/-i^)) -1 )^)), 
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and 

(<r*i)(x,y) = Mh(x) + ^(^o/-!^) °Vf-i(x) ° ( < ^/- 1 (^))" 1 )lt=o^)- 
By projecting, we obtain 

T k (aJ)(x) = f^ H {x)+jl (4f.{^g t of-^(x) V t f-i( x ) ° (0/-i(*)) -1 )|t=o 

= f*tH(x) + j t {j k {gtor i ){x) <P gt o f -^ x ) ° 3 k f -i {x) rf f -i {x) °^(0/-i(x)) _1 )| t=o 

= /.6K*0 + o /- 1 )(x))-i/- 1W ^-i (a;) .(^)- 1 (x)) L =0 

= Mh(x) + jj-i^- ) a k 4 k (f~ 1 (x)).a^ 1 (x), 

so 

Observe that this formula depends only on a k . 
{in) By combining (i) and (ii), we obtain 

(cr * Cn)k = - (f * Ofc = (/*£& + J^fc-Cfc-o-fc 1 ) - (AVfc+i.^fe.cr,: 1 ). 

As 



= A <Tfc+i.(£fc - ^).A cr^ +1 + J o-fe.fe.A cr^j 

= AVfc+i.^fc.a^ 1 - A «Tfc + i.^.A a^+i +j crjfc.^.A <j^ +1 , 



where j l o k .(£ k - £ H ) = \ 1 ak+i-(£k ~ follows from - = by H33J). By replacing 

this equality above we get 

(cr * = {Mh + (AVfc+i.^fe.cj^ 1 - AV^i.&.A 1 ^ + jW^.AV^)) 

- (AVjj+i.^-^ 1 ) = - A CTfe+i-Cff-A o-^ +1 + j crfe.^.A 1 cr^ +1 . ■ 

It follows from Proposition 12.81 that action (|2.20p projects on an action ( )*: 

Q k+1 x (T © J k T) -> T © J fc T, 

(cTjfc + i,u + 4) i ^ (o"fc+i)*(« + ^jfc), (2.21) 

where 

(<7fc+i)*( u + £fc) = /*^+ (jVfc.u.AV^j - AVfc+i.u.AV^) + (AVfe+i.^fe.cr^ 1 ). 
This action verifies 

[(erjfc +1 )*0 + 4), (cr fc+ i)*(iy + 7] k )] k = (cr fc )*([« + £ fe ,u; + (2.22) 

It follows from Proposition 12.81 and (|2.2ip that (<Tfc+i)*(£fc)(^) depends only on the value 
of a k+ \{x) at the point x where £ is defined, and (cr fc+1 )* («)(#) depends on the value of a k+ \ on 
a curve tangent to v(x). 
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Item (u) of Proposition 12.81 savs that restriction to J k T of action (|2.2ip depends only on the 
section a/., so the action 

Q k x J k f -» J fc T, 

(Cfc,£fc) !-> ( Cr fe)*(^fc), 

is well defined, where 

In this case, we get 

[(0-fc)*£fc, = (0"fe)*[Cfe>%Jfei 

and each Vki&k)*^ 1 acts as an automorphism of the Lie algebra sheaf J k T: 

Wk(crk)*^k 1 €k, Vk{vk)*Vk = z/ fe(c r fe)* z/ fe 1 [^fe ) ?7fc]fe- 
If M and M' are two manifolds of the same dimension, we can define 

Q k (M, M') = {j k f : / : U C M J7' C M' is a diffeomorphism, x G U}. 

The groupoid Q fc acts by the right on Q k (M, M'), and Q >k = Q k (M',M') acts by the left. 
Redoing the calculus of this subsection in this context, we obtain the analogous action of (|2.2ip : 

Q k+1 (M, M') x (T © J k T) -» T' © J fc T', 

(erjfc + i,u + £j fc ) i ^ (o"fc+i)*(w + Cfc)) ( 2 - 23 ) 
where Q k+1 (M,M') denotes the set of invertible sections of Q k+1 (M,M'), 

(<Tfc + i)*(« + = /*^+ (jVfc.U.AV^j - AVfc+i.U.AV^J + (AVfc+i.^.cr^ 1 ), 
and / = /3cr A:+1 : M -> M' . This action also verifies (|232l) . 

2.3 The Lie algebra sheaf A(J°°T)* <g> (J°°T) 

In this subsection, we continue to follow the presentation of [161 117] . We denote by J°°T the 
projective limit of J k T, say, 

J°°T = limproj J k T, 

and 

jooj- = r JO o T = limpro j j*^ 

As T®J k T = TQ k \j, we have the identification of J°°T with limproj T(TQ k \ I ), where r(TQ fc |/) 
denotes the sheaf of germs of local sections of the vector bundle TQ k \j — > I. From the fact that 
T © J k T is a OM-module, we get J°°T is a C?M-module. In the following, we use the notation 

£ = v + limproj 77 = w + limproj G T © J°°T. 

We define the first bracket in J°°T as: 



[l> ^loo = limproj [« + w + r] k j k . 



(2.24) 
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With the bracket defined by (|2,24p . J°°T is a Lie algebra sheaf. Furthermore, 

limoo = v(f)v + fliv]oo- 

We extend now, as in |16t \TT\ I14| , the bracket on J°°T to a Nijenhuis bracket (see [3]) on 
A(J°°T)* © (J°°T), where 

( J°°T)* =limind (J fc T)*. 

We introduce the exterior differential <i on A(J°°T)*, by: 
(*) if / G O m , then d/ G (J°°T)* is defined by 

(df,£)=v(f). 

(u) if w G (J°°T)*, then G A 2 (J°°T)* is defined by 
(da;, | A 77) = 9(i){u,v) -0(fj)(u,i) ~ MlflJ, 

where 0(£)f = {df,£). 

We extend this operator to forms of any degree as a derivation of degree +1 

d : A r (J°°T)* -> A r+1 (J°°T)*. 

The exterior differential d is linear, 

d(w At) = du At + (-l) r uJ A dr, 

for to G A r (J°°T)*, and d 2 = 0. 

Remember that (pi)* : T© J°°T — > T is the projection given by the decomposition in direct 
sum of J°°T = T © J°°T. (We could use, instead of (pi)*, the natural map a* : T © J k T — > T, 
given by a* : rQ fc | 7 -> T, and the identification (|2^j> ). Then ( Pl )* : T* -> (J°°T)*, and this 
map extends to (pi)* : AT* -> A( J°°T)*. If w G A r ( J°°T)*, then 

((pi)VliA---A| r ) = (u^A-Atv), 

where £j = Vj + £j, j = 1, . . . ,r. It follows that d{{p\)*uj) = (pi)*(dto). We identify AT* with 
its image in A(J°°T)* by (pi)*, and we write simply uj instead of {p\)*uj. 

Let be u = u © | G A(J°°T)* <g> (J°°T), r G A(J°°T)*, with degw = r and degr = s. We 
also define degu = r. Then we define the derivation of degree (r — 1) 

i(u) : A S (J°°T)* -> A^-^J^T)* 

by 

i(u)r = i(w © £)t = u A i(|)r (2.25) 
and the Lie derivative 

0(u) : A r (J°°T)* A r+S (J°°T)* 

by 

0(u)r = i(u)dT + (-l) r d(i(u)r), (2.26) 
which is a derivation of degree r. If v = r © 77, we define 

[u, v] = [u © |,r © ?y] = u A r © [|, r)!^ + 0(w © |)t © 77 - (-l) rs (9(r © r/)w © |. (2.27) 
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A straightforward calculation shows that: 

[u, r ® fj] = 0(u)t ® 77 + (-l) rs r A [u, fj] - (-l) rs+s dT A i(fj)u, (2.28) 
where i(fj)u = i(fj)(u ® £) = i{ff)u) ® £. We verify that 

[u,v] = -(-ir[v, U ] 

and 

[u,[v,w]] = [[u,v],w] + (-l)"[v,[u,w]], (2.29) 

where deg u = r, deg v = s. 

With this bracket, A(J°°T)* ® (J°°T) is a Lie algebra sheaf. Furthermore, if 

[0(u), 0(v)] = 0(u)0(v) - (-l)"0(v)0(u) (2.30) 

then 

[0(u),0(v)] = 0([u,v]). (2.31) 
In particular, we have the following formulas: 
Proposition 2.9. //u,v£ A^J^T)* ® (J°°T), w G A 1 (J°°T)*, £,fj & J°°T , then: 

(i) (e(u)w,|A^ = e(i(|)u)(a;,i7)-fl(i(^)u)(w,|) 

- (w, [i(e)u,^] M + [l^^u]^ - ifl&iylju), 
(it) i(|)[u,7?] = [iCDu^J^-idl.^Ju, 
(tit) ([u,v],|At?) = [i^u.i^v]^ - [i(^)u l «(|)v] 00 

- *([*(£>, " I^HlJoc - i([l,^oo)u)v 

Proof. It is a straightforward calculus applying the definitions. ■ 

If we define the group oid 

Q°° = limproj Q k , 

then for a = limproj G Q°°, we obtain, from (|2.2ip . 

<r * : J°°T -» J°°T, 

£ = v + limproj £ fe i-» cr*£ = limproj (cr fc+ i)*(i; + 

so the action 

Q°° x J°°T -» J°°T, 
{(7,0 ^ 

is well defined. It follows from (j2.22j) that ct* : J°°T — > J°°T is an automorphism of Lie algebra 
sheaf. 

Given <r G Q°°, cr acts on A(JT)*: 

<r* : A(JT)* A(JT)*, 
a; i— > 
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where, if cj is a r-form, 

{a*co, |i A • • • A | r > = (w, a' 1 fa) A • • • A ^(f,.)). (2.32) 

Consequently, Q°° acts on A(J°°T)* (JT): 

Q°° x (A(J°°T)* ® (J°°T)) -» A(J°°T)* ® (J°°T), 
(cr, u) i-> cr^u, 

where 

cr*u = ©-.(w ® |) = o*(u) ® <7*(|). (2.33) 
The action of cr* is an automorphism of the Lie algebra sheaf A(J°°T)* ® (J°°T), i.e., 
[(7*11, cr^v] = (j*[u,vj. 

2.4 The first non- linear Spencer complex 

In this subsection we will study the subsheaf AT* ® J°°T and introduce linear and non-linear 
Spencer complexes. Principal references are |16 } 1171 IT3] . 

Proposition 2.10. The sheaf AT* <g> J°°T is a Lie a/^e&ra subsheaf of A(J°°T)* <g> (J°°T), and 

[w®f,r(8H7] = wAr®|,r ) ] M) 
w/tere w,t G AT*, £,77 G J°°T. 

Proof. Let be u = w®£ G AT*(g> J°°T. For any r G AT*, «(£)t = 0, then, by applying (j235|) we 
obtain i(u)r = 0, and by d226|), 6»(u)r = 0. So ([2211) implies [w <g>£, rig)??] = to At® [£, 77] ^ ■ 

Let be the fundamental form 
X G (J°°T)* ® (J°°T) 
defined by 

*(£)x = (Pl)*(l) = 

where ^ = w + ^GT© J°°T. In another words, x is the projection of J°°T on T, parallel 
to J°°T. 

If u = limufc, we define Du = limZ?u^ : . 
Proposition 2.11. If u G AT*, and u G AT* ® J°°T, then: 

(«*) [xi x] = 0; 
[x,u] = Du. 

Proof. Let be f = i; + £, fj = w + n £ T © J°°T. 

(i) As 6(x) is a derivation of degree 1, it is enough to prove (i) for 0- forms / and 1-forms 
uj G (J°°T)*. From (111261) we have 6{x)f = i{x)df = df. It follows from Proposition Ej^z) that 

<0(xV, e a ft = e(v){u, fj) - 6{ W ) (co, i) - {u, {v, nj^ + [|, Hoc - x(l£, vjj) 

= 9(v){uj, w) — 9(w)(u>, v) — (u, [v, w] + [v, w] — [v, w]) = (du, £ A fj). 
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(u) By applying Proposition I2.9f m). we obtain 

i^[x,x],^v) = [v,w] -idvrfj^ - [Klloo ~ piU,v]oo)x 
= [v,w] — ([v,w] — [w,v] — [v,w]) = 0. 
(m) It follows from (|2.28|) that, for u = u> ® £, 

[ X , u] = 0(x)u, (g) e + (-1)^ A [ X , £] - (-l) 2r dcu A = dw ® £ + (-l) r W A [x, £]■ 

As I? is characterized by Proposition 12.31 it is enough to prove [x, £] = D£. It follows from 
Propositions \2.5U i) and 12.9( h) that 

m\x^\ = imx^oo - KiMjx = = we- ■ 

If u, v £ AT* <8> J°°T, with degu = r, degv = s, then we get from (|2.29j) and Proposi- 
tion ETTJJm) that 

£>[u,v] = [Z>u,v] + (-l) r [u,Dv], 

and 

[X, [X, u]] = [[x, %], u] - [x, [x, u]] = - [x, [x, u]] . 
Therefore, D 2 u = 0, or 
D 2 = 0. 

Then the first linear Spencer complex, 

O^TC J°°T ^ T* <g> J°°T 5. A 2 T* ® J°°T £ ■ ■ ■ 3 A m T* ® J°°T -» 0, 
where dimT = m, is well defined. This complex projects on 

-> T ^ J fc T ^ T* ® J^T ° A 2 T* ® J fe ~ 2 T £ ■ • • ° A m T* <g> J k ~ m T -» 0, 

and is exact (see [TBI IT71 Hi] ) . 

Let be 7 fc the kernel of 71"^ : J k T — > J k ~ 1 T. Denote by 5 the restriction of D to 7 fc . It follows 
from Proposition I2.3f ii) that 5 is Ojvf-linear and This map is injective, in 

fact, if £ G 7 fc , then by ([27TT]) . S£ = -A x (£) is injective. As 

i(v)D(i(w)D£) - i{w)D(i(v)Di) - i([v, w])Dir k ^ = 0, 

for v,w G T, £ € 7 fc C J fc T, we obtain that (5 is symmetric, i(u)<5(i(u;)<5£) = i(w)S(i(v )#£). 
Observe that we get the map 

defined by i(v,w)i(£) = i(w)5(i(v)8£), and, if we go on, we obtain the isomorphism 
7 fc 9* S k T* ® J°T, 

where, given a basis ei, . . . , e m 6 T with the dual basis e , . . . , e m 6 T*, we obtain the basis 

// ^ = , ,, / r . (e^V)* 2 • ' ' (e m ) fcm ® J°Q (2.34) 
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of S k T* (g> J°T, where k\ + ki + • • • + k m = k, k\, . . . , k m > and I = 1, . . . , m. In this basis 

m 
i=l 



From the linear Spencer complex, we obtain the exact sequence of morphisms of vector bundles 
-> 7 fc ^> T* ® 7 fc " 1 ^> A 2 T* ® 7 fc " 2 ■ ■ ■ 4 A m T* ® 7 fc " m -> 0. (2.35) 

Let's now introduce the first non-linear Spencer operator T>. The "finite" form T> of the 
linear Spencer operator D is defined by 

Va = X -o-: 1 (x), (2.36) 
where a G Q°°. 

Proposition 2.12. The operator T> take values in T* (g> J°°T , so 
V: Q°° -» T* <g> J°°T, 

and 

= AV^.jVfc.t; - v, (2.37) 
where a = lim proj G Q°° . 

Proof. By applying ([232]) and ([2T33]) . it follows that for £ G J°°T, 

i(0^ = *(0x-^ 1 (i(^(0)x)=0, 
and for v € T, 

i(u)£>cr = i(v)x - ^ 1 («(<7*(^))x) = v- ct" 1 (/*«), 
where / = /3 o <t. By Proposition |2.8( m). 

i(u)(I»<r)fc = u - {f*Hf*v) +j 1 o-^\f*v.\ 1 o- k+1 - \ 1 o-^ 1 .f*v.\ 1 o- k+1 ). (2.38) 
By posing v = ^Xt|j = o, we obtain 

/fTfc.u.jVjT 1 = ^(^fc(^)-o- A : 1 (/(2; t )))| t=0 = — /(a; t )| t=0 = (2.39) 

and by replacing f|2.39[) in (|2.38p . we get 

i(v)(Da) k = -j 1 o- k ~ 1 .(j 1 o- k .v.j 1 o- k ~ 1 ).\ 1 a k+1 + X 1 a^l v (j 1 a k .v.j 1 a^ 1 ).X 1 a k+1 
= {X l crll r i l a k .v - v).j 1 o- k ~ 1 .\ 1 a k+ i = (X 1 a^ 1 .j 1 a k .v - v).a~ 1 .a k 
= xl(J klvj 1(J k-v - v, 

since that A 1 ^ , 1 .j 1 o~ k .v — v is a- vertical (cf. (|2.7p ). ■ 
Corollary 2.2. We have Vo = if and only if a = j°°(pa), where (3 : Q°° -»■ Diff M. 
Corollary 2.3. If a k+1 G Q k+1 , then 

(<Tk+i)*(v) = f*v + (<Jk+i)*{i{v)Vo- k+1 ), 
for v G T. 



20 



J.M.M. Veloso 



Proof. It follows from (|2.2ip and Proposition 12. 121 that 

(<J k+l )*(i(v)Va k+l ) = X 1 a k+1 .(i(v)Va k+ i).X 1 a k ^ l = X 1 a k+1 .(X 1 a k ~l 1 .j 1 a k .v - v) -AV^ 
= j'Vfc.u.AV^ - X 1 a k+ i.v.X 1 a k l 1 = (a k +i)*(v) - f*v. ■ 

Proposition 2.13. The operator T> has the following properties: 

(i) Ifa,a>eQ°°, 

V(a'oa) = Va + a~ l (Va'). 

In particular, 

Va~ l = -a*(Va). 

(it) IfaeQ°°,u£ AT* ® J°°T, 

V(a^ 1 u) = o:\Du) + [Va,a- X n]. 

(Hi) If i = 4:Gt\t=o, with £ G J°°T, and at € Q°° is the 1-parameter group associated to £, 
then 

Proof. 

(i) V(a' oa)= X - CT-^X) + ^\x ~ (^)* Hx)) = Va + aZ x (Va'). 

(ii) D(a7 1 u) = a-V*X,u] = °* X \X. ~ ^ _1 ,u] = a' 1 (Dm) - [aZ^Va-^a^n} 

= aZ 1 (Du) + [T>a,aZ 1 u}. 

(in) jV°t\ t=0 = = -[£,X] = Dt ■ 

Proposition 12.121 savs that T> is projectable: 
V : Q k+l -c T* ® J fc T, 

where 

i(u)Dcj fc+1 = X 1 a~l v j 1 a k .v - v. 
It follows from [x,x] = that 

= (T-\[ X , x]) = K\x), o-^(x)} = lx-Va, X - Va] = [Va, Va] - 2D(Va), 
therefore 

D(Va) - -[Da, Va] = 0. (2.40) 
If we define the non-linear operator 

£>i : T* ® J°°T -» A 2 T* (8) J°°T, 
u ^ Du - ^[u,u], 
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then we can write (|2.40p as 
V X V = 0. 

The operator V\ projects in order k to 

V x : T* (g> J k T -» A 2 T* ® J* -1 ^ 
where 

X>iu = L>u-i[u,u] fc . 

Here [u, u] fc denotes the analogous of formulas (|2.27|) and (|2.28|) projected in the order k, so 
that the extension of first bracket makes sense. We will leave the details to the reader. 
We define the first non-linear Spencer complex by 

1 Diff M jh X Q k+l Z T* ® J fe T ^ A 2 T* g> J^T, 

which is exact in Q k+l . 

It is possible to define the first nonlinear Spencer complex V for invertible sections of 
Q°°(M,M') by: 

Va = x-(r:\x'), (2-41) 

where a G Q°°(M,M') and x' G (J°°T')* ® (J°°T) is the fundamental form. The operator D 
take values in T* <g> J°°T, so 

D : Q°°(M, AT') -» T* ® J°°T, 
and the same formula of Proposition 12 . 1 2l holds : 

i(v)(Va) k = X 1 a^l 1 .j 1 a k .v - v, 
where a = limproj G Q°°(M, M 1 ). Other properties can easily be generalised. 

3 Partial connections 

In this section we will develop the concept of partial connections or partial covariant derivatives 
associated with the vector bundle H © J k V in the directions of the distribution V C T. We 
thank the referee for pointing out that this concept is already in [15[ p. 24]. The construction 
of connections for J k T, the transitive case, is in [7]. 

Let be V an involutive subvector bundle of T, a G M, and N a (local) submanifold of M 
such that T a N © V a = T a M. Then there exists a coordinate system (x, y) in a neighborhood 
of a such that a = (0,0), the submanifolds given by points with coordinates x constant are 
integral submanifolds of V, and N is given by the submanifold y = 0. At least locally, we can 
suppose that the integral manifolds of V are the fibers of a submersion p : M — > N . In the 
coordinates (x, y), we get p(x, y) = (x, 0). If we denote by H the subvector bundle of T given by 
vectors tangent to the submanifolds defined by y constant, then H is involutive and T = H ®V . 
Also, T* = H* © V*. We denote by TL and V the sheaves of germs of H and V, respectively. 

We denote by Qy the subgroupoid of Q k whose elements are the fc-jets of local diffeomor- 
phisms h of M which are p-projectable on the identity of N. In the coordinates (x, y), h{x, y) = 
(x, h,2(x, y)). The sheaf of germs of invertible local a-sections of Q v will be denoted by Qy. The 
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algebroid associated with Q v is J k V, and we denote by J k V the sheaf of germs of local sections 
of J k V. Then the first non-linear Spencer operator V can be restricted to Qy +1 , 

V: Q v +l -f T* <g> J fc V, (3.1) 

and the linear Spencer operator Z) can be restricted to J fc+1 V, 

D : J k+1 V —*T*® J k V. 

A vector m£T decomposes in it = uh + uv, u h £ fi", £ V. If d is the exterior differential, 
we get the decomposition d = djj + dy . The fundamental form \ decomposes in x = Xh + XV, 
where xh{u) = x( u h) and xv( u ) = x( u v)- The linear Spencer operator D also decomposes in 
D = Dh + £V, and it follows from Proposition 12. llT m) that 

-DffC = [Xff,£] and Dy£ = [xv,£], 
for f £ J fc T. 

Proposition 3.1. If u & AV* , and u € AV* ® J°°T, i/ien; 

(*) #(xvV = dya;; 
(") [xv,xv] = 0; 
(m) [xv,u] = D v u. 

Proof. Let be £ = v + £, fj = w + rj £ T © J°°T, v = v# + u; = w H + W G H ® V. 

(i) As 9(xv) is a derivation of degree 1, it is enough to prove (i) for 0-forms / and 1-forms 
u G V*. From (|2.26j) we have 

0(xv)f = i(xv)df = d v f. 
It follows from Proposition I2.9f i) that 

(e(xvHZAfj) = e(v v )(u,fj) - e(w v )(co,£) - (u, [« V ^L + [IwU - xvdlfftj) 

= 0(yy){u),wv) - 0{wy)(u,vy) - (oj, [vv,w]v + [v,wy]y - [v,w]v) 
= {duj, vy A Wy) = (dyoj, £ A 77), 

since that 

[vy,w]y + [v, Wy]y - [v,w]y 

= [vy,Wy] + [vy,w H }y + [v H ,Wy]y + [v V ,Wy] - [v H ,Wy]y - [v V ,W H ]v ~ [w,Wy] 
= [vy,Wy]. 

(ii) By applying Proposition I2.9( Hi) . we obtain 

(7}[XV,XV],£ Af)) = [VV,W V ] -Klbv^loo - [wy,l]oo ~ (Pl)*lt v\oo)XV 
= [vy,Wy] — ([vy,w] — [wy,v] - [v,w])y = 0. 
(Hi) It follows from (f^28|) that 

[XV, u] = 0(xv)u ® e + (-1)^ A £] - (-l) 2r ^ A i(£)xv 

It is enough to prove [xy,£] = DvC- It follows from Propositions \2.5\ ii) and l2.9N i) that 
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From item (ii) of this proposition, (|2.30[) and (|2,3ip we obtain 

d 2 v = 0. (3.2) 

The first non-linear Spencer operator T> also decomposes naturally in T> = T>h + T>y, where 
i(u)T>H = i(uH)T> and i{u)T>y = i(ity)£>. We obtain: 

Proposition 3.2. If F G Q v +1 is such that f = f3F satisfies f*H = H , then 
V h F = xh-F-\xh), 

and 

V v F = X v-F-\xv)- 

Proof. From hypothesis, we get f*(un) = (f*u)n and ,f*(uy) = (f*u)y, and from equa- 
tion (|2.36p . we get 

i(u)V H F = i{u H )VF = i(u H ) X - F- 1 (i(/*(^)) X ) = i(u H )x ~ i 7 *" 1 W(Mk)x) 
= i{u)XH ~ F~ l {i{f* u )XH) = i{u){xH ~ F~ X {xh)), 
so T>hF = xh — F~ (xh)- The proof of the second formula is analogous. ■ 
If we apply Proposition 13.21 to GF, we get 

V V {GF) = X v- F^GzKxv) = XV + F-\V V G - X v) = V V F + F-\V V G\ 
and if we pose F = G~ l , we get 

V v G~ l = -G,{V V G). 
Definition 3.1. A partial connection V on H © J k V is a R-linear map 

v : n © j k v -> v* © (n © J k v) 

such that 

V(/f) = (dy/)®£ + /V£, 
for / G O m , ieH® J k V. We extend V to AV* © (H © J k V) by 

V(a © |) = dya © | + (-l) |a| a A V|, 
where a 6 AV* and \a\ is the degree of a. 

It follows from fl32D that V 2 (a © £) = q A V 2 |, so 

V 2 : ft © J k V -» A 2 V* © (ft © J fe V) 

is a tensor, called the curvature tensor of the partial connection V. If V 2 = we say that V is 
flat. 

Let be uj G V* © J fc+1 V such that f3*(i(w)uj) = w, for u; G V, and 

U! = XV + 0J, 

so w G V* © J fc+1 V, where J fc+1 V = J k+1 f n (T © J fc+1 V). 

In the sequel, for £ G ft © J fc V, we denote by and [<Z>, cZ>] fc+1 the analogous of formu- 

las (|2.27p and (|2.28p projected in the order k and k+1, respectively, so that the same construction 
of third and second bracket make sense. We will use this convention in the present section when 
it makes sense, and leave the details to the reader. 
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Proposition 3.3. The operator V defined by 

for uj E V* <8> J k+1 V, £ = u + £e7Y© J fc V is a partial connection on H © J fc l/ u>ii/i curvature 



V 2 = ^,J3] fc+1 . 



Proof. If we apply formula (ii) of Proposition 12.91 we obtain 
i(v)l&, Hk = I*(*7)«) Hk ~ KlVk+l, lk+i] fc+ i)Tfc&, 

where r/ = u + E T© J fc T, and r/fc + i,£fc + i E Tffi J k+1 T projects on r), £, respectively. If w 6 7i, 
the right side is 0, and if v E V 

life = K "Iff + el fc - i([v, u])ir k uj - i(u)D(i{v)u) eH8 J k V. 

Then V| E V* ® J fe V. Also, 

^(^)I^, /lit = /!!(. - /lfc+i]fc+i)TfcW 

= + /Ii(^)w,IIfe - *(«(/)! + /Kfc+i,lfc+i]fc+iKfcW 

= UvC/jl + ZliC^Hfc - *([^fc+l,lfc+l]fc +1 )(/7TfcW) 

= tv(/)l+i(^)(/lw > lL) = ^)(^/)l+*(»?)(/|w,eL)» 

so 

V(/|) = d v /®| + /V|. 
If a <g> £ E AV* ig) (W © J fc V), we know from (12351) that 

Iw, a © H fe = ® (-l) |a| a A [w, £| fc - {-lf H da A 

and from (j2T26j) that 

#(u))a = i(6j)da — d(i{tb)oi) = i{xv)dot — d(i{xv)ot) = 9(xv)& = dya, 
and as i(£)u> = 0, then 

fu,a <8> H fe = dya(8)|+ (-l) H a A|iD,|| fc = d v a © | + (-l) H a A V|, 

so 

V(a®|) =I^,a®Clfc- 

Therefore, 

V 2 | = [u, [w, UJ, = a)I fc+1 , H - V 2 £, 



and from this it follows that 
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Let be a y : TV — > Q v a family of differentiable sections such that 

a y (x,0)eQ k v +l ((x,0),(x,y)), (3.3) 

with a°(x,0) = j^id. Then a : M — > given by a(x,y) = a y (x,0), is a differentiable 

/^-section of Q^ +1 |jv = {X G : a(X) G iV}. If u(s,y) = £(z,l/(t))|t=o, define 

by 

i(v(x,y))co = ^{a^Hx^^O)- 1 )^ G j£JV. (3.4) 

Proposition 3.4. XYie partial connection V defined by Co = xv + w > where u is defined as 
in (|3.4p . is _/?ot. 

Proof. First of all, 

fr(i(v(x,y))u) = ^(^(x.Oj^Cx.O)- 1 )^ = ^(x,2/(t))| t=0 = ufoy), 

so cj satisfies the condition to define a partial connection. We will show that Co satisfies 
[tD^Jujij = 0, i.e., the partial connection V defined by Co is flat. Let be, for v G V, i(v)oj 
the right invariant vector field defined by 

i(vju(X) = i(v)u(0(X)).X, 

where X G Qy +1 . We prove that i(v)co is tangent to o~(M), which follows from 

i(v)uj(a(x,y)) = i(v(x,y))u.a(x,y) = [a y ®(x, 0)a y (x, 0) _1 ] t=0 .cr(x, y) 

= |[^W(x,0)^(x,0)-V(x,y)] t=0 = |[a^)(x,0)] t=0 G T(a(M)). 

To finish, we know that, for v,w G V, i(v)u>, i(w)u> and i([v,w])uj are tangent to the submani- 
fold cr(M), and, as /3*([i(v)u, i(w)u\ = it follows that 

[i(v)uj , i{w)uj] = i([v , w])u) , 
so from Proposition 12.61 

[i(v)Co,i(w)Co] k+1 = i([v,w])Co. 
From Proposition I2.9f m) we obtain 

= [i(v)u>, i(w)u\ k+l - i (li(v)co k+2 ,w} k+2 - \i{w)Co k+2 , vj k+2 - i([v, w])Q) Co 
= \i(v)Co, i(w)Co] k+l —i([v,w] - [w, v] - [v,w])Co = 0, 

where u>k+2 is a section in J k+2 V that projects on to. The proposition is proved. ■ 

Therefore, given a section u + £ : N — > (H J k V)\N, there exists only one section (U + 3) G 
7i®J k V such that (J7 + 3)|tv = u + C an d V(£7 + 3) = 0. The following proposition characterizes 
these sections: 



26 



J.M.M. Veloso 



Proposition 3.5. Let be (U + S) G H J fc V suc/i i/iai 

(17 + 3)|jv = u + i : iV (H © JV)|at, 
and V(E7 + H) = 0. Then 

(U + Z)(x,y)=*y((u + Q(x,0))- (3-5) 

Proof. Choose v € V such that t> is .ff-projectable, i.e., the 1-parameter group ft of v is given 
in coordinates by ft(x,y) = (x,ht(y)). If we define 

F t (x,y) =a h ^(x,0)ay(x,0)-\ 

then F t £ Furthermore, /3F t = / 4 , and 

(F s F t )(x, y) = (a h ^ ht( -y ] \x, 0)a ht ^ (x, 0)" 1 ) (a ht ^(x, 0)a y {x, O)" 1 ) 
= < 7 h '+^)(x,0)ff«(x > 0)- 1 = F s+t (x,y). 

So, F t is the 1-parameter group such that 4iFt\ t= o = d)(v). If J7 + 3 is defined by (13, 5j) . we get 
((F t ),(C/ + H))(x,y) = (F t ),((tf + S)(x,fc_ t fo))) = (F t )*(^- t(y) ((n + 0))) 

= ff?((« + O(^0)) = (?7 + S)(x,y), 
so [i(?;)u>, ?7 + = 0. Also, 

(U + 3)(x, 0) = <r°((u + C)(x, 0)) = 0" ( %id).((« + 0)) = (« + £)(*, 0). 
Let tZ € TL be the vector field p-projectable such that u\n = u. Then 

[u, v] = 0, 

and from (|3.5p and Corollary 12.31 we get 

I7(x, y) = u(x, y) + <t» 0))Va v ) eH® J k V, 

so 

»(«)V(17 + 3) = |i(i;)a>, 17 + 3] fc - i([v, u])^ k u = 0. ■ 
We will now verify how a partial connection defined by ui changes. 

Let M', V' , a', N', (x',y'), H' , p' , be as above, with the same properties and dimensions. 
Denote by T' = TM'. Let be <p : N —> N' a (local) diffeomorphism, with 4>{a) = a', and denote 
by Q k the submanifold of Q k (M, M') of A;-jets of local diffeomorphisms r : M — > M' such that 
p'r = This means r(x,y) = (cf>(x),b(x,y)). 

Let be the sheaf of germs of invertible local sections of Q k . Then, by restriction of 
action (12331) . there exists an action of (similar to ([2J2TD ) on T © J fe l/: 

Qj +1 x (T © J fc V) -> 7 © J fc V', 
(crjfc +1 ,u + ^) i ^ (cr fc+ i)*(?; + £ fc ). 

The operator £> : Q k+l (M,M') -> T* © J fc T defined in (|2^T|) restricts, as (|3TT]) . to 
and as above V decomposes in V = T>h + F>y. The analogous of Proposition 13.21 holds: 
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Proposition 3.6. If F G Q^ +1 is such that f = (3F satisfies f*H = H' , then 
T>hF = xh-F-\ X h>), 

and 

V V F = xv- F:\xv) ■ 
Denote by 

Q k +l = e Q k+1 {M',M) : G Qj +1 }. 
If F G satisfy for / = (3F, f,(H) = H', then 

V v ,F- 1 = xv>-F*{ X v) (3.6) 

and if G G Q^ti satisfy a(G) = P(F), and for g = (3G we have g*(H') = H, then by applying 
Propositions 13.2 1 and 13.61 to FG we get 

V V i(FG) = xv ~ GZ x F-\ X v>) = Xv> + G~\V V F - X v) = V V ,G + G~\V V F). 

By posing G = F~ l we get 

V v ,F~ l = -F*(V V F). (3.7) 

Choose $ G Q^ +1 with ip = ir ® satisfying ip(N) = N' and <p*(H) = H' . Then <p\ N = <j) and 
(x',y r ) = <p{x,y) = (<j)(x) , b(y)) . Define a' v as 

a'y'(x',0) = ^(x,y)a y (x,0)^(x,0y 1 , (3.8) 

and let be u' and V' as in (|3.4p and Proposition 13.31 respectively. Following the proof of 
Proposition 13.51 take v G V such that u is i7-projectable, i.e., the 1-parameter group of u is 
given in coordinates by ft(x,y) = (x,h t (y)). Define F t G Qy^ 1 by 

F t (x,y)=a ht ^(x,0)ay(x,Oy 1 . 

If = ip*v, then G V is 77' -projectable, // = ipf t tp~ l is the associated 1-parameter group 
of v' , and the 1-parameter group associated with ui'(v') satisfies 

F^x',y') = a' h ^y'\x',0)ay'(x',Oy 1 

= ($(x, h t (y))a ht( - y) (x, 0)$(x, 0)" 1 ) ($(x, y)o*(x, 0)$(x, O)' 1 )' 1 
= $(x,h t (y))F t (x,y)<S>(x,y)- 1 = (*F t $- 1 )(x',|/), 

i.e., 77/ = . From this, we get i(v')oj' = $>*(i(v)u)), and 

i(i/)(*.u>) = *»(*($-V))") = *.(*(/rV))£) = = »(«V, 

so 

3>*lD = (3.9) 

Then 

V'($*(C/ + 3)) = [a/, $*(£/ + 3)] fe = 17 + 3] fe , 
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i.e. 



(3.10) 



which shows that + S) is parallel with respect to V' if and only if U + S is parallel with 

respect to V. 

Taking account of (|3.6|) . the equation (|3.9p projected in order k is equivalent to, 

7r k (xv + <J) = TT k (^*(xv + uj)) = <5>*(xv) + **(7r fe o;) = (xv> ~ 2V$ _1 ) + 
or, considering (|3.7p . 



4 Linear Lie equations 

Definition 4.1. Let be a subvector bundle of J k T. We define the prolongation R k+l of R k 



where the intersection is done in J 1 J k T. 

We denote the prolongation (R k+1 ) +1 of R k+1 by R k+2 and so on, and by lZ k+l the sheaf of 
germs of local sections of R k+l , for / > 0. 

Proposition 4.1. A section £ G J k+l T is in TZ k+1 if and only if it k £ € and £ T* <g> ft fe . 



Definition 4.2. A subvector bundle R k of J fc T is a linear Lie equation if the prolongation R k+1 
of is a subvector bundle of J k+1 T such that 



so 



TT k J = <$>*{V V <& + 1T k Uj). 



(3.11) 



by 



R k + l = (x 1 y\j 1 R k n A 1 (J fc+1 r)) c J fc+1 r, 



Proof. From Definition 14.11 and (|2.12p . since € J 1 ^. 




ITe^ fc+1 ,T©^ fc+1 l fc+1 cT®K k , 



and from this, 



(4.1) 



and 




(4.2) 



fc+J-1 



/or I > 2. 
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Proof. Let's prove this for I = 2. The other proofs for I > 2 are equal. Suppose Ck+2,Vk+2 G 
TZ k+2 . Then, by Proposition^ = 7r k+1 £, k+2 ,Vk+i = 7T k+1 r] k+2 G K k+1 , and D£ k+2 , Drj k+2 G 
T®lZ k+l . So, 

and 

0[&+2,1fc+2]*+2 = PCife+2,%+ll fe+ l + Kfc+l,^%+2lfc+i G T*®K k . 

Therefore, by the same Proposition dJ3 [6c+2> Vk+2\ k + 2 ^ 7£ fc+1 ) an d the proposition follows. ■ 

It does not follow from this proposition that R k+l is a vector bundle, and that ~K k +i : R k+l — » 
^fe+<-i - g on ^ 0) f or / > 2. To obtain this, we need an additional condition. 

Definition 4.3. We say that the linear Lie equation is formally integrable if 

(i) i? fc+ ' is a subvector bundle of J k+l T, 

(ii) 7r k+ i : -> # fc +* is onto, 

for Z > 1. 

The symbol g k of i? fc is the kernel of ir k -i : R k — ► J k ~ 1 T. Also, g fc+ ' is the kernel of 
7r fe+2-i : -R fc+ ' — ► R k+l ~ l , for Z > 1. It follows from Proposition 14. II and from (|2.35p that we have 
the subcomplex 

_> /+' i> T* i> A 2 T* ® /+'" 2 A 3 T* 8) 7 fc+ '" 3 (4.3) 

for Z > 2. 

Definition 4.4. We say that the symbol g k is 2- acyclic if the subcomplex (|4.3|) is exact for 
I > 2. 

The following proposition is in [HE]. For an alternative proof, see [21 \ \2'2 \ |2"3" ] 126]. 
Proposition 4.3. // R k C J k T is such that 

(i) R k+1 is a subvector bundle of J k+1 T, 

(ii) ir k : R k+1 — > R k is onto, 
(Hi) g k is 2-acyclic, 

then it k+ i-i : R k+l — ► R k+l ~ l is onto for I > 2. 

A consequence of this proposition is: 

Corollary 4.1. If R k C J k T is a linear Lie equation and g k is 2-acyclic, then R k is formally 
integrable. 

Given a linear Lie equation R k , let be the distribution B C TQ k defined by B\ = Rp, X yX, 

for X G Q k . It follows from (|2.10j) and (|4.ip that the distribution B is involutive. Let be P k (x) 
the integral leaf of B that contains the point I(x), and P k = \J x ^mP (x). Then P k is a groupoid, 
and a differentiable submanifold at a neighborhood of /. As our problem is local, we will suppose 
that P k is a differentiable groupoid, the differentiable groupoid associated with the linear Lie 
equation R k . Then the linear Lie equation R k is the Lie algebroid associated with P k . As before, 
we denote by V k the groupoid of invertible sections of P k . 
We define the prolongation P k+1 of P k by 

p fe +! = (A 1 )" 1 (Q 1 P fe n X 1 Q k+1 ), 

where A 1 : Q k+1 — > Q 1 Q k and Q 1 P k is the groupoid of 1-jets of invertible sections of P k . The 
following is Proposition 6.9(H) of [17] : 
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Proposition 4.4. Let be F G Q + such that 

(i) vr fc F G P fe , 
(ii) VF£T*®K k . 

Then F G 

Proof. It follows from (12371) 

i(v)2?F = \ 1 F~ 1 .j 1 ir k F.v - v, 
where v G T, so 

X 1 F.{i{v)VF) = j l -K k F.v - X l F.v. 

As i(v)VF e TZ k , we get A 1 F.(i{v)VF) £ TT> k . Also, we get from vr fcj F G P fc that j x ir k F.v G 
TP fc . Therefore, 

A 1 ^ = iVfeF.u - X 1 F.(i(v)VF) G TP fc , 

so F G -P fc+1 . ■ 

If the linear Lie equation R k is formally integrable, and P k is the differentiable groupoid 
associated with R k , it is true (cf. Proposition 6.1, [17] ) that the prolongation p k + l of P k is the 
groupoid associated with the linear Lie equation R k+l . Therefore, ir k +i '■ P k+l+l — > p k+l are 
submersions, for I > 0. 

5 Formal isomorphism of intransitive linear Lie equations 

In the following sections, we consider intransitive linear Lie equations. 

Definition 5.1. We say that a linear Lie equation R k C J k T is intransitive if there exists an 
integrable distribution V CT such that R k C J k V and ir (R k ) = J°V. 

In reality, considering (|4.ip . we need only to verify that 7To(R k ) is a subvector bundle of J°T. 
Our basic problem in this section is to determine the conditions for two intransitive linear Lie 
equations to be isomorphic. This means that there exists a diffeomorphism that sends one 
equation onto the other. In the sequel, we give a brief description of the system of partial 
differential equations that we should solve to obtain a class of diffeomorphisms / : M — > M' 
such that (j k+1 f)*(R k ) = R' k - We utilize the same notation of Section El Consider R k C J k V 
and R' k C J k V intransitive linear Lie equations, and P k C Qy and P' k C Qy, the associated 
group oids. 

Definition 5.2. We say that a submanifold S k C Q k ^ is automorphic by P k if a : S k — > M, 

(3 : S k — > M' are submersions, and for every X G S k (a, b), where a G M and 6 G M', 

S k (-,b)=XoP k (.,a). 
We denote by 5 fc the set of invertible sections of S k . 

Proposition 5.1. Let S k+1 be the prolongation of S k . Then an invertible section F G Q^ +1 is 
such that F(x) G S k+1 (x) for every x G a(F) if and only if ir k F G S k and VF G T* ® 7?. fc . 



Proof. The same proof of Proposition 14.41 applies. 
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We define the symbol 

g k s = {ve TS k : (7r fc _i)*t; = 0}. 

The symbol g$ of S k is isomorphic to the symbol g k of R k , and we get an complex analogous 
to (|4.3p . and we define that g$ is 2-acyclic in the same way. From the formal integrability 
theorem (see [5]) we obtain: 

Proposition 5.2. Let be S k C Q k automorphic by P k such that 

(i) S k+l is a submanifold ofQ k+1 , 
(ii) n k : S k+1 — > S k is onto, 
(Hi) g^ is 2-acyclic. 

Then S k is formally integrable, and each prolongation S k+r is automorphic by p k + r ; for r > 1. 

Definition 5.3. We say that the intransitive linear Lie equation R k C J k V is formally iso- 
morphic to the intransitive linear Lie equation R' k C J k V' at points a and a! , respectively, if 
there exists a diffeomorphism 4> : N — > N' , and a submanifold C Q k automorphic by P k and 
formally integrable, such that: 

(i) = {X- 1 : I 6 S fc } C is automorphic by P /fc ; 

(ii) S k (a,a') + 0. 

If there exists a solution / : M — > M' of S*, i.e., a diffeomorphism / such that is a section 
of S k , and /(a) = a', then i? fc at point a is said isomorphic to at point a'. 

This definition is essentially local. A most useful way to verify the formal isomorphism is 
given by proposition below, analogous of Proposition 15.11 

Proposition 5.3. Suppose that R k C J k V , R' k C J k V are intransitive linear Lie equations, 
N and N' submanifolds of M and M' transversal to integral submanifolds of V and V , re- 
spectively, and 4> : N — > N' a diffeomorphism, a £ N, a' £ N' , and 4>{a) = a'. Suppose 
furthermore that the symbol g k of R k is 2-acyclic. If there exists F £ Q^ +1 such that 0F\n = <f>, 
F*(R k ) = R' k , and VF £ T* ®K k , then R k at a is formally isomorphic to R' k at a! . 

Proof. Define 

S k+i = {YF{x)X : X £ P k+1 (-,x), Y £ P ,k+1 {f{x), •), x £ a(F)}, 

where / = (3F : a{F) C M -» (3(F) C M' . Let be C7 = p" 1 (/>(a(F))) C M and C/' = 
p'~ l (p'((3(F))) C M'. Observe that C and a x /? : U x U f is onto (at least 

locally). If S k = n k S k+1 , then it is a straightforward verification that S k is automorphic by P k 
and S" fc is automorphic by P' k . 

Given an invertible section G £ S k+1 , then in the neighborhood of each point of a(G), there 
are invertible sections G\ £ V k+1 and G2 € V k+1 such that G = G2FG1. In fact, given a point 
x £ a(G), there is an open set V x C a(G), with x £ 14, and an invertible section Gi of P k+1 
defined on V x , such that (3{Gi) C a(F). Let be G 2 = GG^F" 1 , defined on f(p(G{)). Then, 
G2 is an invertible section of and G\y x = G2FG1. It follows from Proposition 12. 13T z) and 

Proposition O that DG £ T* <g> on the open set 14- As the V^'s cover a(G), we get this 
property on all a(G). Therefore, S k is formally integrable, and conditions of Definition 15.31 are 
satisfied. ■ 
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Corollary 5.1. Suppose that R k C J k V , R' k C J k V' are intransitive linear Lie equations, 
N and N' submanifolds of M and M' , transversal to integral submanifolds of V and V , re- 
spectively. Let be <f> : N — > N' a diffeomorphism, a 6 N , a' £ N' , and <f>(a) = a! . Suppose 
furthermore that the symbol g k of R k is 2-acyclic. If there exists F G Q^ +1 such that (3F\n = (f>, 
and F*(T © R k ) = T' © R' k , then R k at a is formally isomorphic to R' k at a' . 

Let's now show the existence of a flat partial connection that leaves R k invariant. 

Proposition 5.4. Let be R k C J k V an intransitive linear Lie equation. Then there exists a flat 
partial connection 

V : H © J k V -»■ V* ® (H © J k V), 
such that, restricted to Ti. © TZ k , it satisfies 

v : n®n k -» v* © {H®n k ). 

Furthermore, ifU + Eisa parallel section of H®J k V and (U + is a section of {H @ R k )\x , 
then U + ZeH®Tl k . 

Proof. Choose a family of differentiable sections a y introduced in (|3.3p satisfying a y {N) C 
pfc+i a s i s the groupoid associated with R k+l , the form u defined by (|3,4p belongs to 

V* ® 7^ fc+1 , and the partial connection V : H © J fc V -» V* © (Ti © J fc V) defined by u>, restricted 
to H © R k sends Ti © TZ k to V* © (H © 7£ fc ), as a consequence of (|4.2p . The proof now follows 
from Propositions 13.4 1 and 13.51 ■ 

Now we prove the fundamental theorem for formal isomorphism of linear Lie equations: 

Theorem 5.1. Suppose that R k C J k V and R' k C J k V are intransitive linear Lie equations, 
N and N' submanifolds of M and M' transversal to integral submanifolds ofV and V' , respec- 
tively, and 4> : N — > N' a diffeomorphism. Suppose furthermore that there exists $ : N — > 
such that = 4>, and 

§*{TN®R k \ N ) = TN' ®R' k \ N >. 

Then given a diffeomorphism f : M — > M' such that f„V = V , /|jy = <f>, there exists F € Q^ +1 
satisfying F\n = (3F = f , and 

F* (T © R k ) =T' ®R' k . 

Proof. Let be families <r» : N -» <jV : iV' -f P' fc+1 , as in the proof of Proposition 15.41 

and defining flat partial connections 

v : n © j k v -»■ v* © (w © j fc v), 

and 

V : ft' © J fe V -» V* © (W © J k V) 
such that 

V(H®K k ) C V* © {H@TZ k ) 

and 



V'(W © C V'* © (W © TZ' k ). 
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Observe that by Proposition El wGV*® K k+1 , and J G V* ® Redefine fl 7 = if 

necessary, to obtain (x',y') = f(x,y) = (a(x),b(y)), and define F G Q^ +1 by 

F(x,y) = a' y '(x',0)^>{x,0)a y (x,0)- 1 . 
Then, we get from (13, 8j) 

F(x,y)f7 J/ (x,0)F(x,0)~ 1 = o^{a/,0), 
and from (|3. 10|) we get V'F* = F*V. By hypothesis 

F„(7W©.R fc |jv) =rAT / e J R /fe |iv, 
then by Proposition 15.41 we obtain 

F* (H © R k ) = H' ® R' k . (5.1) 
From this and Corollary 12.31 we obtain 

V H F eH* ®K k . (5.2) 
It follows from (|3.1ip that 

TT k u' = F,(V V F + TT k L0). 

So, from ir k u! G lZ k , ttj^oj' G lZ' k and (|5.ip we get 
XVF G V* <g>ft fc . 

Combining this with ([5TTj) and ([5T2J) . we get VF eT* (g)TZ k and F*(i? fc ) = and by Proposi- 
tion (5J3] the theorem follows. ■ 



Corollary 5.2. Suppose that R k C J fc F and C J k V are intransitive linear Lie equations, 
that N and N' are submanifolds of M and M' transversal to integral submanifolds ofV and V , 
respectively. Let be (j) : N — > N' a diffeomorphism such that 4>{a) = a' , where a G N and a' G N'. 
Suppose furthermore that the symbol g k of R k is 2-acyclic. If there exists $ : N — > Q^ +1 such 
that (3$ = 4>, and <f>*{TN © R k \ N ) = TN' © R' k \ N >, then R k at point a is formally isomorphic 
to R' k at point a' . 

Proof. The corollary follows from Theorem 15.11 and Corollary 15.11 ■ 



6 Intransitive Lie algebras 

In this section, we associate an intransitive Lie algebra with a germ of an intransitive linear Lie 
equation. This definition must generalize the definition of transitive Lie algebra, and incorpo- 
rate the fact that we can reconstruct an intransitive linear Lie equation from its restriction to 
a transversal to the orbits, unless of formal isomorphism, as the Theorem of [25] and Theorem 1 5. II 
above shows. 

We continue, in this section, to suppose that R k C J k V is an intransitive linear Lie equation 
and g k is 2-acyclic. We remember that it follows from these hypotheses, see Corollary 14. 1\ that 
the prolongations R k+l of R k , I > 1, satisfy: 

(i) R k+l is a subvector bundle of J k+l V; 
(ii) ir k+l : R k + l + l R k + l is onto; 
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(ui) \t © iz k+l ,T © n k+l ] k+l c r © n k+l -\ 

We also assume that R l = iriR k is a subvector bundle of J l V for every < / < k — 1, in 
particular, R° = J°V. 

We denote by 0^,a the M-algebra of germs at point a G N of local C°° real functions on N. 
The 0/v,a- m °dule (TN) a of germs at point a of local sections of TN is isomorphic to Der Oj^^ a , 
the 07v ia -module of derivations of Ojy,a- We denote by Lj the CV ja -module of germs at point a 
of local C°°-sections of R^\n, considered as a vector bundle on N by the map 7r | jv : R \n —* N. 
Let be the 0Ar ja -modules 

L = lim proj Lj 

and 

£ = Der N)a © L. 
The bilinear antisymmetric map 

I , j k+l : (T TZ k+l ) x (T © -> T © 

induces a well defined K-bilinear antisymmetric map 

[ , \ . : (Der N ,a © Lj) x (Der 0^ © Lj) -> Der O^a © Lj-i. 
As we saw in (I2.24D . the projective limit of [ , ] ■ induces a M-Lie bracket 

[, L,: £x£-£, 

so that £ is a R-Lie algebra. 

The structure of the Lie algebra £ is the semi-direct product of the Lie algebras Der Oj^^ a 
and L, where the action of Der On, a on L m is given by the restriction to N of Dh : TV — > 
7i* © TV . If u G Der Oat j( j and £ is a section of i2 3 '|jv defined in a neighborhood of a G iV, we 
get (see Proposition 12,51) 

The map (pi)* : £ — > Der 0Ar ja is the canonical projection given by the direct sum, and 

UJv]oo = ((piU)(f)v + fU,v]oo, 

where / G On, a, £iV £ £■ The restriction of [ , to L is 0^ )0 -bilinear, so L is a 0/v,a-Lie 
algebra. Each Lj is a free 07v,a- m odule finitely generated. 

Definition 6.1. We call £ the O N )a -intransitive M-Lie algebra associated with the formally 
integrable linear Lie equation R k at the point a (and transversal N). 

In particular, we denote by D(V) the Ov^-intransitive Lie algebra associated with the linear 
Lie equation J°V, and call it the O n ^-intransitive, W-Lie algebra associated with the involutive 
distribution V at point a G M. Clearly C C T>(V). 

If Cj = Der ON, a ®Lj, then (Cj, [ , ] ■) is called the truncated O n , a -intransitive W-Lie algebra 
of order j associated with R k at point a (and transversal N). Then we can state the Theorem 
of [25] as: 

Theorem 6.1. Let be £k+2 C T>k+2^y) o> truncated O ^^-intransitive M-Lie algebra. Then there 
exists a vector su b-bundle R' k+1 C J k+1 V such that: 
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(i) R' k = TTkR' k+1 is a vector sub-bundle of J k V; 

(a) \t e n' k+1 , t e n ,k+ \ +1 ere n' k ; 

(Hi) the truncated O n ^-intransitive M.-Lie algebra associated with R' k+1 is Ck+i = 7Tk+i£k+2- 

Furthermore, if hk = {£ G jOkl^k-i^ = 0} is 2-acyclic, then R' k is formally integrable. 

The definitions of C and T>(V) depend on the choice of the transversal N. Let's now introduce 
a notion of isomorphism inspired in Theorem 1 5 . 1 1 such that the intransitive Lie algebras obtained 
at point a taking different transversal submanifolds are isomorphic. We maintain the notation 
of Section [5j 

Suppose that R k C J k V, R' k C J k V are formally integrable intransitive linear Lie equa- 
tions, N and N' submanifolds of M and M' transversal to integral submanifolds of V and V', 
respectively, and (f> : N — > N' a diffeomorphism, a G N, a' G N', and <p(a) = a'. We denote also 
by <f) the isomorphism of R-algebras <f> : On, a - * On' a'i defined by 4>(f) = f<j> - Let be 

a-sections such that <f> = and itj&j+x = <&j for j > 0. Put $ = limproj We get maps 

and 

: V(V'). 

The map is R-linear, commutes with [ , J^, and, if / G On, a and £ G £> (V), then 

MfO = <f>(f)MO- 

Definition 6.2. We say that is an isomomorphism from intransitive Lie algebra C C "D(V) 
onto intransitive Lie algebra £ C T>(V') if 

= 

If <I>* is an isomorphism, then C is said isomorphic to 

Proposition 6.1. Suppose that R k C J fc y zs a formally integrable intransitive linear Lie equa- 
tion, a, b points of M, N, Ni transversal to the orbits of R k through the points a, b, and C, C± 
the intransitive Lie algebras associated with R k at the points a, b (and transversal N, N\), 
respectively. Let be p : M — > N the fibration (at least locally) defined by the leaves of V . If 
p(a) = p(b), then the On ^-intransitive Lie algebra C is isomorphic to the O ^^-intransitive Lie 
algebra L\. 

Proof. If x,y G M, p(x) = p(y), there exists X G P m with a(X) = x, /3(X) = y. Therefore, 
we can choose $j : N — > P j such that 0$j(N) = Ni. Then 

($j)*(TN e R j - X \N) = TN X i^V- 

It follows from the formal integrability of P k that we can choose the family {$j : j > 1} such 
that projects on for j > 1. If $ = limproj <&j, then Q^C = C\. ■ 

With these definitions, we can state Corollary 15.21 as: 

Theorem 6.2. Suppose that R k C J k V is a linear Lie equation with symbol g k 2-acyclic, and 
R' k C J k V another linear Lie equation. Let be a £ M, a' G M' , N and N' transversal to 
the orbits of R k and R' k through the points a and a' , Ck and C'k the truncated intransitive Lie 
algebras associated with R k and R' k , at points a, a' and tranversal N and N' , respectively. If 
there exists $ : N -> Q^ +1 such that /3$ = (f> : N -> N' , cf)(a) = a', and $*£ fe = C'k, then R k at 
point a is formally isomorphic to R' k at point a! . 
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7 Application 



As an application of this theory, we could utilize the definition of intransitive Lie algebras to 
obtain the intransitive linear Lie equations in the plane obtained by E. Cartan in pQ. We will 
be limited to classifying the first order intransitive linear Lie equations, with dimg 1 = 1. This 
will include the example we presented in the introduction, which was not presented by Cartan 
in his table, suppressed by a nullity hypothesis. 

Let be V a 1-dimensional distribution on R 2 , which we can suppose is generated by the vector 
field ^. We will use the coordinate system pjj, j, I > 0, < j + I < k, in J k V, defined by 



Pj,lti(a,b)®) 



dxidy 



j(a,b), 



where Q(x,y) = 9(x,y)J^. Let's consider (0,0) as point base and the transversal N = R x {0}. 
Then Der Ojv,(o,o) i s generated, as O N j )-module, by -§^\n- Let be g v the symbol of J k V. 
This symbol is generated by ® 3°~§y~i where 

fH = -L(dxY(dy) 1 , 
with j, I > and j + / = k (cf. Then 



ox ay 



and if Y G J fc V is such that tt (Y) = then 



dy 







dy' 



Let be i? 1 C J^V a formally integrable linear Lie equation, with R° = J°V. Suppose g 1 is the 
symbol of R 1 , with dimo 1 = 1. Then a 1 is generated by an element X\ = (Af 1,0 + Bf ' 1 )®j°J^, 

with A(x, y) 2 + B(x, y) 2 ^ 0. 

Lemma 7.1. //-R 2 is t/ie prolongation of R 1 , then the symbol g 2 of R 2 is generated by 





{Af^ + Bf^f®f^. 



Proof. Consider Y ,Y 1 G TZ 2 such that 7r lb = J ^ and mYi = (Af 1 ' + Bf ' 1 ) < 

1 i° ^ a section of g 2 . Then 



,-oJL 



Ay 

dx : 



a section of o 1 . Let be F = (a 20 f 2 '° + an/ 1,1 + ao2/ ' 2 ) 
= -(a 2 o/ 1 ' + an/ ' 1 )G5 1 , 

JJ 2 

so (a2o/ 1,0 + an/ 0,1 ) = A(j4/ 1,0 + Bf ' 1 ), for a real function A. In a similar way, 

[Yo,Y} 2 = (a 11 / 1 '° + ao 2 / ' 1 ) Gj 1 , 

and (an/ 1 '° + ao2/ ' 1 ) = A i (^4/ 1 '° + -B/ ' 1 ), for some real function /i. Therefore, we get 020 = XA, 
an = A.B = and 002 = /^-B- So, there exists r such that A = rA and ^ = rB. From this, 
a2o = rA 2 , on = rAB and 002 = rB 2 . Then 



Y = r(Af l V + Bf> 1 ) 2 ® f 



d_ 

dy 
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A similar argument shows that g k is one dimensional and is generated by (Af 1,0 + Bf 0,1 ) k 
j°jr-- Consider now the complex 



dy' 

_> A+T*®g 1 ^ A 2 T* ® j^-O 

for I > 2. As dim<7 fc = 1 and dimT = 2, this complex is clearly exact, so g 1 is 2-acyclic. 

Let's now verify conditions on the truncated intransitive Lie algebra £ 2 . The 07v,(o,o)- m °dule 
TiVmo) is generated by 



1 <9x 



v 



and the generators of L 2 are Yq, Y±, defined in the proof of lemma and Y2 = |(a/ 1,0 + 6/ 0,1 ) 2 <8> 
restricted to N, again denoted by the same letters. Here, a(x) = A{x, 0) and b(x) = 
B(x, 0). We have 

[Y_i, Y ] 2 = kcWYo) + ftomW, [To, Yil 2 = 67n(y ) + aoi^i(n), 

[y_i,Fi] 2 = -a7r 1 (Y Q ) + b n n 1 (Y 1 ), [y ,y 2 ] 2 = 6^), 
[r_i,Y 2 ]| 2 = -a7ri(yi), [ri,y 2 ] 2 = o, 

for a, 6, 600, 601 , &11 , aoi in 0jV,(o,oV It follows from 

that (|| - aa i - 66ii)7r (Yo) = 0, so 
db 

- aa i - bb n = 0. 

ax 

As a(0) or 6(0) is not null, we can solve this equation for ooi or b\\. Then we can find a truncated 
intransitive Lie algebra £ 2 that projects on C\. Now by Theorem l6.2l we classify the isomorphism 
class of C\. We must examine two cases: 

Case 1. We suppose 6(0) ^ 0. By dividing by 6, we can suppose 6=1. Then the algebra C\ 
is generated by Y_i, ttoYq, 7TiYi, and they satisfy, from above, 

[r_i,7riYo]i = to(Y), p^i.TriYili = -avr (Yo), ^lYo^Y^ = 7r (Y ). 
Let be a truncated intransitive Lie algebra generated by X—x, Xq and X±, such that 

[X_i,JT o ]i = 0, [X^XJ^O, [XcXiJ^TToM, 
and f\\ CJ x —> L\ defined by 

= Y_ x + aTTi(Yo) + feoovri(Yi), /i(X ) = 7ri(Y ), = vr^Y). 

Let's verify that fx is an isomorphism of truncated intransitive Lie algebras of order 1. In fact, 

IhiX-x), fiiXo)^ = + am(Y ) + 6 00 7r 1 (y 1 ),7r 1 (y )] 1 = = / (|[X-i, AqU, 

[/iCX-i),/!^)]! = [y_i + a7ri(y ) + 6o 7r 1 (y 1 ),7T 1 (y 1 )] 1 = o = Mix^x^), 

and 



= MY ),*ri (*!)]! = vro(y ) = /o(vro(X )) = / ([A , A^). 



38 



J.M.M. Veloso 



The truncated Lie algebra generated as 0jv,(o,o) -module by Xq, X\ can be represented by 



1 dx 



n ay ay 



The linear Lie equation associated with CJ X is 

R' 1 = {(po,o,Pi,o,Po,i) G J X V ■ Pi,o = 0}, 
so R 1 is formally isomorphic to R . The infinitesimal pseudogroup of solutions of R' 1 is 

{e(x,y) = %)|-}. 

Case 2. We suppose 6(0) = 0. In this case, a(0) 7^ 0, and, dividing it by a, we can suppose 
a = 1. Then the truncated intransitive Lie algebra £1 is generated by Y_i, 7roYb> tti^I) and they 
satisfy, from above, 

[YLi.Tnyoli = baoMYo), P'-i.^ili = -*o(Xo), [*iY , = &7r (y ). 

Replacing 7riio by TriYo + boomYi, we obtain [y_i,7riYb + &ootti^i1i = 0, and the other products 
remain unchanged. Without loss of generality, we can suppose 600 = 0. Let be £[ a truncated 
intransitive Lie algebra generated by Xq and X\, such that 

[X-i,Xo]i = 0, JTiJi = -vro(Xo), ty ,*i]i = /?7r (X ), 

and fi : £[ — > £1 defined by 

/l(X_i) = C- 1 ^-!, /l(X ) = 7Tl(y ), = CTTi(yi), 

with c(0) 7^ 0. Then 

[/ 1 (X_ 1 ),/ 1 (X )] 1 = [c- 1 r_i,7ri(r )]i = = /o([^-i,Xo] 1 ), 

[/iCX-O./iCXi)]! = [c-^-^cTn^)]! = -vro(y ) = f ({x^,x 1 } l ), 

and 

[/i(X ),/i(*i)]i = [7ri(y ),c7ri (11)]! = c&7r (y ) = /o(/M*o)) = /o([*o,*iL), 
if c6 = 0. 

Then fx is an isomorphism of truncated intransitive Lie algebras of order 1 if and only if 
there exists c € Ojv,(o,o) with c(0) 7^ such that c6 = (3. The class of truncated intransitive Lie 
algebras is the class of equivalence of b, 6(0) = 0, and b = /3 if and only if there exists c, c(0) 7^ 0, 
with be = (5. 

The truncated Lie algebra £' x generated as 0R-module by Xq, X\ can be represented 

by 

X-! = -?-, X = Xl = (Z 1 - + Z?/ ' 1 ) ® j !-, 

ax ay 7 ay 

and the linear Lie equation associated with is 
-R' 1 = {(Po,o,Pi,o,Po,i) G : Po,i = /3pi,o}, 
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so R 1 is formally isomorphic to R . The infinitesimal pseudogroup of solutions of -R' 1 is 
If (3{x) = x, we obtain 

d 



dy) 



if (3{x) = x k , k > 2, we obtain 

jfc-i 



e(x )2/ ) = 



(A; — 1 — 1 / dy J ' 

if /3(x) =0, we obtain 

Q(x,y)=e(x)^- 
dy 

In the classification of [I], case 2 is represented only by /3 = 0. 

8 Conclusion 

The results of this paper show that the intransitive Lie algebra here introduced to represent 
a linear Lie equation at a point is sufficient to guarantee the existence and formal isomorphism 
of intransitive linear Lie equations. This brings a new way to pursue the study of intransitive Lie 
groups and the applications envisaged by Sophus Lie on the integrability of partial differential 
equations with a pseudogroup of invariants. It is clear that several problems can still exist, as the 
relationship between subalgebras of transitive algebras and intransitive algebras, and the notion 
of equivalence of intransitive algebras. A very interesting problem is the classification of simple 
intransitive Lie groups, since Cartan, in his list, excluded some classes of simple intransitive Lie 
group, as the example presented above. 
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